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Abstract—Mobile nodes with sensing, computing and communicating capabilities are usually deployed in indoor environments
as wireless sensor networks (WSN) for internet-of-things applications. Proper interpretation of the data acquired by these sensor
networks requires an estimate of their location. Among the currently existing positioning methods for WSN, multidimensional
scaling (MDS) is a computationally efficient technique based on
empirical measurement or estimation of the ranges between them.
This communication describes and evaluates several versions
of MDS localization methods, particularly applied to indoor
networks based on transmission of radiofrequency signals and
measurement of the received signal strengths (RSS). The positioning accuracy, resistance to measurement noise, and computation
times are analyzed and commented within a common framework.

I. I NTRODUCTION
Wireless sensor networks (WSN) are composed of multiple
small nodes deployed in an exterior or indoor environment
with the purpose of measuring some relevant environmental
parameters. Usually, the information collected and transmitted by the nodes must be accompanied of an estimate of
their physical locations (with respect to an external reference
system) to be meaningful; however, manual measurement of
each node location during deployment can be impossible or
non-practical. Thus, it is important to have some device by
which the nodes can exchange signals with their neighbours
with the final objective of achieving a location estimate of the
complete WSN [1]. Usually, this is achieved with acoustic or
radiofrequency signals.
Many methods exist for WSN node localization (see [2],
chapters 23-27). Direct least-square minimization of the
residues between the measurements and the predicted values
normalized by the measurement variance provides the maximum likelihood estimate of node locations, but the process
is difficult in practice due to the high dimensionality of the
search space. Other popular suboptimal methods include minimization techniques such as linear programming, relaxation
or set theoretic techniques, and Bayesian techniques such as
belief propagation, which estimates the location of all nodes
in a distributed way.
Multidimensional scaling (MDS) is a mathematical method
for visualization and classification of high-dimensional data,
originally developed in the fields of psychology and psychometrics [3], from which its application scope has extended to

other disciplines. MDS receives a matrix with the distances
between elements, and produces for each element a vector of
coordinates in a Euclidean space of lower dimension. MDS
is well suited for cooperative localization problems, where a
set of mobile devices have to estimate their relative locations
from the measured ranges between themselves (called metric
MDS, since the ranges correspond to the Euclidean distance
between the nodes). For this reason, the last decade saw a
number of works [4], [5], [6], [7], [8], [9], [10], in which
different variants of this technique were applied to the location
of single and multiple nodes in fully and partially connected
networks, centralized and distributed solutions, etc.
A key element of MDS localization is the reconstruction of
the so called square distance matrix, containing the measured
ranges between each pair of nodes. Since this can rarely be
achieved in indoor experimental conditions (due to the limited
transmitting range of nodes, existence of obstacles, etc), a
method for filling in the missing entries of the square distance
matrix must be achieved. Recently, some matrix reconstruction
techniques have been applied to this end; we will review the
most significant and their relationship to MDS localization.
This article evaluates the performance of several MDSbased algorithms for WSN positioning in indoor spaces, based
on the measurement of the received signal strength (RSS) of
RF signals exchanged among them. Background theory and a
succint description of each method is given first. We begin by
introducing the general framework of multidimensional scaling
methods, and then determine the strengths and weaknesses of
these methods with a simulated indoor network: positioning
accuracy, computational effort and converge rate are evaluated
and compared. Applicability of MDS/subspace techniques to
the case of one single mobile node is also briefly considered.
II. W IRELESS

SENSOR NETWORK LOCALIZATION

A wireless sensor network consists of a set of N nodes with
two-dimensional locations x = {x1 , x2 , . . . , xN } (figure 1).
During deployment of the network, the location of the nodes is
not registered except for a small fraction (Na ) of them, called
anchor nodes; the remaining Nm = N − Na are mobile nodes
at unknown locations to be determined. However, all nodes
have the possibility to exchange signals with their (close)
neighbours and then have an estimate of their relative range.
Systems using ultrasonic or ultrawideband radio signals will be

bMLE of equation 1 can in principle be obtained by a
estimates x
systematic search (a grid) through all possible locations in the
set xm ; however, this approach is computationally expensive
due to the high dimensionality (2Nm ) of the solution space.
We still need a functional way to link RSS readings to the
node locations. Determining this model exactly is impossible
due to the complex characteristics of RF propagation in indoor
environments, so some simplifications have to be made. In this
work well-known path loss law [11]:
zij = h(xi , xj ) = RSS0 − 10α log10

kxi − xj k
+ eRSS , (2)
d0

where d0 is a reference distance, RSS0 is the signal strength
at distance d0 , and α is the path loss exponent. The term
eRSS is fading noise corresponding to the unmodeled effects
of indoor propagation of RF signals; we will consider that it
2
is Gaussian distributed, eRSS ∼ N (0, σRSS
). Further, for this
paper we will assume that parameters RSS0 , α and σRSS are
known or estimated from a few RSS measurements taken at
the relevant indoor environment.
III. T HE

Fig. 1. Localization of the nodes of a wireless sensor network in an indoor
environment. Anchor nodes have known positions, while mobile nodes have
unknown positions to be determined. Neighboring nodes can measure the
received signal strength of the RF signals exchanged between them (dashed
lines).

able to directly measure the physical distance between nodes;
most common RF-based WSN can only measure the received
signal strength (RSS) which does provide only a very rough
estimate of the range (particularly in indoor environments).
We are mostly concerned with this case in this paper.
We assume that the received signal strength of the RF signal
between nodes i and j can be written as zij = h(xi , xj ) +
eij , where z is the measured RSS value, xi , xj the respective
2
node locations, h a known function, and eij = N (0, σij
) is
Gaussian distributed measurement error with zero mean and
2
variance σij
. The maximum likelihood estimate (MLE) of the
positions of the mobile nodes is that which minimizes the cost
function:
V (x) =

N
X
X

i=1 j∈H(i)

1
2
2 (zij − h(xi , xj )) ,
σij

(1)

where H(i) is the set of nodes connected to node i, and
no distinction has been made between mobile and anchor
nodes. This cost function is nonlinear and nonconvex, and
therefore can have many local minima. Maximum likelihood

MULTIDIMENSIONAL SCALING APPROACH

Assume a WSN network formed by N nodes, with locations unknown, but fully connected; i.e., all RSSij for
i, j = 1, . . . , N are measured, and corresponding ranges rij
can be estimated. Consider a square distance matrix defined
as:
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where no formal distinction is made between anchors and
mobile nodes. Matrix D has an important property which
is exploited in subspace decomposition methods: its rank
is at most 4 for two-dimensional localization (5 for threedimensional localization).
The rank of D can be further reduced by double centering:
1
B = − JDJ,
2

(4)

with J = 1N − N1 eN eTN is a centering matrix, 1N is the
N × N identity matrix and eN is a column vector of length
N with all elements equal to one. Then B ≃ XXT , where
X = [x1 , x2 , . . . , xN ]T is a N × 2 matrix with the node
coordinates translated such that the centroid of the network
is at coordinates (0, 0); the relationship is only approximate
because of measurement noise. The matrix containing the
relative beacon locations can be estimating by minimizing the
quantity:
b MDS = arg min kB − XXT k2 .
X
(5)
X

To obtain the solution to equation 5, we perform an eigenvalue decomposition of B:
B = VΛVT ,

(6)

where Λ = diag(λ1 , λ2 , . . . , λN ) is the eigenvalue matrix, and
V the corresponding eigenvector matrix. It can be proven that
matrix B is symmetric and positive-definite and has at most
rank 2, which implies that it can be represented by its two
largest eigenvalues (which span the signal subspace). Then
B ≃ Vs Λs Vs , and the solution to equation 5 is:
b signal = Vs Λs 1/2 ,
X
MDS
1/2

(7)

1/2

with Λs 1/2 = diag(λs1 , λs2 ) is a diagonal matrix with
the two largest eigenvalues. Note that the obtained position
b MDS is not referred to any particular reference
estimate X
system, and will be in general, translated, rotated and possibly
reflected from its physical arrangement. The true location of
the mobile nodes can be recovered using the known positions
of anchor nodes.
Instead of the signal subspace solution, some MDS methods consider the noise subspace, which is spanned by the
remaining autovectors of the eigenvalue factorization: Vn =
[v3 . . . , vN ]. Using the property Vs Vs T + Vn Vn T = 1N , a
second solution can be derived for the position:
b noise =
X
MDS

eTN Vn VnT
T
eN Vn VnT eN

Xa ,

(8)

where Xa is a matrix containing the coordinates of the
anchor nodes. Unlike the previous solution, this noise subspace
estimate does not require translation, rotation or reflection.
The most notable advantages of MDS-based localization are
that it provides a closed-form estimate of network localization,
regardless of network size; and that the method is resistant
to individual error ranges, given the data redundancy present
in the square distance matrix. By contrary, MDS methods
do not approach CRLB performance, and indeed do not
fully exploit all available measurements. This is due to the
requirement that the square distance matrix be symmetric; then
RSS measurements between two nodes (RSSij and RSSji )
must be combined to give a single d2ij , with some information
being discarded in the averaging process.
As multidimensional scaling works with distances between
nodes, inversion of equation 2 is needed to obtain ranges from
RSS values. Note that direct inversion of equation 2:


RSSij − RSS0
2
2
b
(9)
dbiased = d0 · exp −
5α

leads to a biased estimate. The following estimator [12] for
d2ij is unbiased:




2
RSSij − RSS0
ln10σRSS
2
2
b
dunbiased = d0 · exp −
· exp −
.
5α
50α2
(10)
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TO
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entries, direct estimation of node locations via MDS is not
feasible.
For the purposes of this paper, MDS methods are classified
into four broad categories:
1) General reconstruction methods for the square distance
matrix that do not take into account its algebraic properties. Among them the MDS-MAP variants which use
generic short-distance algorithms to estimate the missing
ranges between nodes.
2) Reconstruction methods which use properties of the
square distance matrix to fill for its blank entries: among
them SVD-reconstruct and Iterative Inertial approximation.
3) Iterative minimization methods which operate directly
on the incomplete square distance matrix, like the stress
majorization of a convex function (SMACOF).
4) Projection methods such as Fastmap.
These methods will be described in the following subsections,
and their performance compared to two non-MDS localization
algorithms: the push-pull estimation (PPE) algorithm, and a
naive method by direct optimiztion of the MLE cost function.

LOCALIZATION

In real wireless sensor networks (WSN), especially in indoor
environments, nodes can only communicate with a small set
of neighbouring nodes, due to physical obstacles or limited RF
transmission power. Since the network is not fully connected,
and the square distance matrix of equation 3 has many blank

A. General reconstruction methods for the square distance
matrix
In the MDS-MAP method [4], the missing entries of the
square distance matrix are reconstructed with shortest-path
algorithms for graphs such as Dijkstra’s or Floyd-Warshall’s
method. Then the MDS method uses this approximate distance matrix as explained in section III for the signal [4] or
noise [13] subspaces. Both solutions are suboptimal unless
the measurement covariance matrix is included and residues
from the eigenvalue decomposition are reweighted. However,
WMDS can achieve CRLB performance in the case that all
RSS measurements between nodes are available, and noise
levels are low. One big drawback of weighted MDS [14] is
that it requires a few iterations of the residue reweighting step
in which inversion of a N (N − Na ) × N (N − Na ) matrix is
carried out. This is very time consuming for medium to large
networks.
B. Reconstruction methods for the square distance matrix
using its low-rank properties
These MDS techniques are based on the known redundancy
of low-rank matrices such as the square distance matrix.
SVD-Reconstruct is based on sampling algorithms in which
only a limited number of entries of the square distance matrix
can be determined (sampled) [15]. The method relies on the
property that the rank of the square distance matrix is at most 4
(for two dimensional localization). So, in principle, knowledge
of only 8N entries is needed to reconstruct without error
the complete square distance matrix. The procedure suggested
consists in building a matrix S with the following entries:
( r2 −γ (1−p )
ij
ij
ij
if rij was measured
pij
(11)
Sij =
γij
otherwise,

where pij is an estimate of the detection probability of
2
2
measurement rij
, and γij is an estimate of rij
in the case that
it was not measured. Suitable values for probability pij and
unmeasured range γij can be estimated from a model or from
experimental measurements. Alternatively, a simple detection
region model (step function) can be used, with pij = 1 if
dij ≤ Rdet and 0 otherwise, where Rdet is a typical detection
range.
The next step is to build S4 being the rank 4 approximation
to S, obtained by singular value decomposition. It is proved
in [15] that the Frobenius norm of kD − S4 kF is bounded.
Since S4 is a good approximation of the square distance
matrix, the MDS procedure is performed on it, instead of using
the incomplete matrix D.
With the use of the PLL model (equation 2), estimates for
pij can be produced, provided we know the values of the
parameters of the PLL equation, and the detection threshold
RSSth . In an environment without obstacles, the detection
probability is given by [16]:


RSSth − RSS(dij )
,
(12)
pij = Q
σ
√ R∞
2
with Q(t) = 1/ 2π t e−x /2 dx being the complementary
error function. For an indoor environment with obstacles, pij
can be precomputed by numerical methods.
In [17], a different property of the square distance matrix
is employed: its inertia, defined as the number of positive and
negative eigenvalues: (ρ+ , ρ− ). Given that D is symmetric
and of rank 4, it has ideally one positive and three negative
eigenvalues, i.e., its inertia is (1, 3). Using this property, if we
b of the true square distance
eigen-decompose any estimate D
T
b
matrix as D = VΛD , then the inertial (1, 3) approximation
is given as:

T
T
T
T
+ λ1− v1− v1−
+ λ2− v2− v2−
+ λ3− v3− v3−
,
E = λ+ v+ v+
(13)
with λ+ and λ− being the positive and negative eigenvalues
respectively, and vi+ , vi− the corresponding eigenvectors. An
b of the square distance matrix D is built
approximation D
iteratively as follows:
b 0 as D with unknown entries being replaced by
1) Build D
γij .
2) For k = 0, 1, . . .:
b k as per
3) Compute Ek by SVD decomposition of D
equation 13.
b k+1 , with the ij-th element given by r2 if
4) Create D
ij
b k if unknown.
measured, or by the ij-th element of E
5) Iterate until convergence.

C. SMACOF

Another possibility is the SMACOF method (Scaling by
majorizing a convex function), which consists in direct minimization of a stress function σ(X) given as [5]:
σ(X) =

N X
N
X
i=1 j>i

wij (b
rij (X) − rij )2 ,

(14)

which measures the discrepancy between the ranges computed
from currently estimated beacon distribution, rbij (X), and
2
those experimentally measured, rij , with wij = 1/σij
if nodes
i and j are connected, and 0 if they are not. This method deals
with the original D matrix without attempting to reconstruct
the missing values. The solution X which minimizes the stress
can be found iteratively in the following way.
1) Initialize the node positions X0 (anchor nodes are assigned to their known positions).
2) For each iteration (k), compute the N × N matrices B
and V:
PN PN w r
B = i=1 j>i rbijij(Xijk ) A(i, j)
(15)
PN PN
V = i=1 j>i wij A(i, j)
where for each pair (i, j), A(i, j) is an N × N auxiliary
matrix with only four nonzero elements: aii = ajj =
1, aij = aji = −1. A new position estimate is computed
as
Xk+1 = V−1 BXk ,

with V−1 being the pseudoinverse of matrix V.
3) Proceed while condition σ(Xk+1 ) < σ(Xk ) is fulfilled.
Upon convergence of the SMACOF
algorithm, the function
P
2 2
w
rij (X)2 − rij
) , so,
being minimized is actually
i,j ij (b
while CRLB accuracy might not be reached, for practical
purposes the SMACOF solution is usually close enough to
the true solution.
D. Fastmap
Fastmap [8] is a dimensionality reduction technique which
projects the coordinates of the mobile nodes into lines connecting a set of anchor nodes (called pivots). For example, if
unknown position node i has access to anchor nodes a, b and
c, its first coordinate on the axis connecting xa and xb is given
by the cosine law:
x′i =

2
2
rai
− rbi
+ d2ab
,
2dab

while the second coordinate can be projected on the line
connecting xa and xc :
yi′ =
2

2
2
r̃ai
− r̃ci
+ d2ac
,
2dac
2

2
2
2
2
with r̃ai
= rai
− x′ i and r̃bi
= rbi
− x′ i . The real position
of the node can be estimated from its (x′i , yi′ ) coordinates and
the known coordinates of the pivot nodes. This procedure can
be performed sequentially with all nodes, using as new pivots
mobile nodes whose position has already been determined. At
each step, nodes with the largest norm of the cross product
~ × ack
kab
~ should be chosen as pivots. As the positions of new
nodes are estimated solely from the pivot nodes (i.e., there is
no averaging), Fastmap is sensitive to coordinate alignment,
and usually provides less accurate results, especially for sparse
networks.

E. Non-MDS methods

V. E VALUATION

OF PERFORMANCE OF ALGORITHMS

This section presents an evaluation of the performance of
the MDS methods described in section IV. As a testbed for
localization of anchor and mobile nodes we use the indoor
area of figure 2, which consists in a 90 × 100 m area,
with three obstacles that block completely or partially the
RF transmissions. The network consists of 7 anchors and 69
unknown position nodes (arranged in this case in a rectangular
grid for easier visualization of results). The parameters of the
PLL are RSS0 = −50 dBm, α = 2.5 dBm, r0 = 1 m,
σRSS = 10 dBm, and RSSth = −100 dBm, and are supposed
to be known to the MDS algorithms. In this way, an estimate
of the measurement covariance matrix can be computed from
the measured RSS values themselves.
A. Accuracy of methods
In the evaluation, the MDS-based methods of section IV
are compared with an iterative method (PPE or push-pull
estimation) [18], which is a form of gradient descent. This
method can potentially reach the maximum likelihood estimate
of the true location provided that it does not get stuck in a local
minimum. The mobile nodes are initiated either at the centroid
of the anchor locations, or at the corresponding MDS-MAP
estimates. For iterative methods which need a terminating
condition, we stop the loops when each node’s displacement
between iterations falls below dx = 1 cm.
Figure 3 shows the network positioning results for each
method. It is seen that, among the MDS methods, MDSMAP, weighted MDS-MAP and SMACOF most MDS versions
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80

y (m)

For performance comparison, we include two methods for
WSN location estimation not based on multidimensional scaling, but rather on minimization of the ML cost function. These
methods can potentially converge to the ML solution, but they
are slow, and subject to local minima solutions.
• A push-pull estimate (PPE) algorithm [18]. This is a
spring method which envisions mobile nodes being affected by a “force” which is proportional to the difference
between the measured and the expected RSS values from
the neigbouring nodes. The force experimented by node
i from node j is given by: fij = (RSSij (x) − RSSij )eij ,
where eij is the unit vector from xj to xi . The
P sum of all
forces acting on node i is then Fi = 1/ni j fij . Then
the node locations move iteratively as: xk+1
= xki +αFi ,
i
where α is a scalar value affecting the movement “speed”
of the nodes (equivalent to the interval of the gradient
descent method).
• Direct minimization of the cost function (equation 1).
The nodes are displaced one at a time from their current
locations by small amounts, measuring whether this leads
to a decrease of the cost function.
In both cases, mobile nodes are initialized to the centroid of
the anchor nodes they are connected to, or to the centroid of
all anchor nodes if they are not connected to any.
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Fig. 2. Indoor testbed for evaluation of the MDS positioning methods. Nodes
are arranged in a rectangular grid of step 10 m for this example. Square marks
are anchor nodes with known location, circular marks are mobile nodes with
unknown location. One rectangular and two circular obstacles impede node
communication throughout them.

manage to recreate faithfully the shape of the network, while
the iterative inertial approximation only gives a rough idea
of the node distribution, and SVD reconstruct and Fastmap
fare poorly. The last two MLE-estimate methods obtain good
results. Note that the MDS-MAP versions show some deformity in the left part of the network, due to the way that the
incomplete links are reconstructed (according to topological
rather than metric approximations); this is not observed in
SMACOF since this algorithm does not attempt to reconstruct
missing links. Fastmap does not handle well the imprecise
ranges estimated from the noisy RSS measurements, and the
reconstructed network is not recognizable. Of the two low-rank
reconstruction algorithms, iterative inertial approximation is
more robust, and SVD reconstruct does not result in a sensible
solution. Our feeling is that methods based on low rank matrix
properties are only effective for matrices with only a few blank
entries, which is not practical in indoor localization.
The corresponding CDFs for the node positioning errors are
shown in figure 4. It is seen that only SMACOF approaches
the behaviour of MLE estimates.
B. Dependence on network connectivity
In this experiment we evaluate the performance of the
methods with respect to network connectivity, defined as the
average number of nodes which are connected to any node. For
this purpose, we change the RSS detection threshold (RSSth )
and signal blocking factor by room obstacles. This permits to
control the number of active links in the complete network.
Results are shown in figure 5. Again, of the MDS-based
techniques, the best behaviour is shown by SMACOF, which
achieves performance close to MLE methods, while MDSMAP obtains an error approximately constant with network
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Fig. 5. Dependence of the RMS positioning error of the network, with the
network connectivity, obtained with an average of 10 simulations.

connectivity. Weighted MDS and the iterative linear approximation show intermediate performance.

than plain MDS-MAP, although their computational cost is
much higher. Fastmap and SVD-reconstruct give, in general,
poor performance.

C. Dependence on noise amplitude
In this experiment we evaluate the performance of the
methods with respect to noise amplitude, given by parameter
σRSS . Results are shown in figure 6. Again, SMACOF is
the more robust method against noise, achieving performance
close to the MLE iterative methods. The iterative inertial
approximation and the weighted MDS are marginally better

D. Computational load
This section briefly analyzes the computational load of
the MDS methods, and compares it with non MDS-based
techniques. We have not performed a count of operations for
each method, but instead relied on Matlab’s execution time for
each; some care has been put to optimize the code for each
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Fig. 7. Execution time of the MDS locatization techniques of section IV as
evaluated with Matlab.

method. The results are shown in figure 7.
By far the most demanding method is weighted MDS.
Although the method converges in a few iterations, it requires
the inversion of a large reweighting matrix (see section IV),
which is computationally demanding. The sample network of
figure 2, with 7 anchor and 69 mobile nodes, requires the
inversion of a matrix of size 5244 × 5244, which takes about
one and a half minute in Matlab. Comparatively, the SMACOF
method needs many more iterations, but takes up less processing time because it handles smaller size matrices. The iterative
MLE methods (PPE and cost function minimization) achieve
close to CRLB performance, and require, in our testbed, the
second longest execution time. MDS-MAP executes very fast
but has some imprecise results.

As a particular case, some authors have applied multidimensional scaling methods to position estimation of a single
node (taking N = Na + 1). In a direct implementation of
MDS, the computed network is translated and rotated from
the solution excluding the mobile node. This is not optimal
because the condition that the centroid of the network lies at
the origin (implicit in the double centering equation 4) cannot
be fulfilled exactly. This shortcoming is compensated by a
modification of MDS [6] in which the mobile node’s position
is excluded from the centroid computation. The work [7]
proposes to use the noise subspace in equation 8 instead
of the signal subspace of equation 6. A later work [10]
showed that these three MDS variants are actually equivalent,
varying only in their choice of centroid for the network.
Still, one weakness common to the standard MDS methods
is that the measurement range noise is not incorporated to
the solution. The weighted MDS method in [9] reweights
the residues of the subspace decomposition, permitting to
incorporate the measurement covariance error and improve the
position estimates. Finally, among the most recent works, we
can mention the method in [19], which employs a subspace
decomposition of the square distance matrix D based upon
Lagrange multipliers instead of eigenvalue decomposition.
As part of this work, we evaluated these methods in a similar
indoor setup, considering localization of the single mobile
node when placed inside or outside of the are delimited by the
anchor nodes. The evaluation rendered the following results:
the direct and modified versions of MDS showed very similar
performance, with the noise subspace MDS improving slightly
upon them (only for locations inside of the area delimited by
the anchor nodes), and the Lagrange multipliers MDS being
clearly inferior. A significant improvement is obtained by the
weighted MDS method, which considers the measurement
error covariance matrix. This weighted MDS method, although
more complex to implement, achieves optimal performance
(the Cramér-Rao lower bound limit). Note however that Taylor
minimization performs as good as weighted MDS, and is
simpler to apply. The conclusion is that there is no significant
advantage to use MDS methods for localization of a single
node over the Taylor minimization method, a result that can
be applied to many approximate “closed-form” solutions to
the positioning problem [20].
VI. C ONCLUSIONS
In this communication we have reviewed the theory and
provided a comparison by simulation of several variants of the
multidimensional scaling (MDS) method used for positioning
of wireless sensor networks. In indoor environments, this
results in a sparse square distance matrix, since most nodes
will not be within communication range. We have evaluated
several MDS methods with typical received signal strength
measurements. This results in higher range variances than
those commonly found in time-of-flight systems.
We have compared several MDS versions and compared
them with two maximum likelihood techniques: a push-pull

estimate algorithm, and direct minimization of the cost function in equation 1.
The simplest method is MDS-MAP, which is plain MDS
with the missing ranges computed by a generic shortest-path
computation technique (such as Dijkstra or Floyd-Warshall).
More precise results are obtained by weighting the residues,
but the neccesary matricial operations are unwieldy even for
medium-sized networks. The iterative algorithm SMACOF
provides accurate results and works with low or high connectivity networks. The matrix completion methods (SVDReconstruct and Iterative Inertial Approximation) do not perform satisfactorily unless the network is deeply connected,
which is not a practical circumstance. Fastmap also provides
poor results.
For this reason, the most convenient MDS method in our
experience is SMACOF, an iterative minimization technique
with relatively small computational load which performs close
to the CRLB after connectivity reaches a threshold value.
MDS methods have been used as an initialization method to
MLE position estimation methods [21] or to Bayesian tracking
of people in indoor environments [22]. Given the power and
simplicity of MDS methods, it would be interesting to extend
research in this area to the tracking of dynamic networks, by
combining the MDS formulation with Bayesian filters [23],
further increasing the applicability of multidimensional scaling
techniques for localization and tracking.
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